In this paper, we use the collocation method together with Chebyshev polynomials to solve system of Lane-Emden type (SLE) equations. We first transform the given SLE equation to a matrix equation by means of a truncated Chebyshev series with unknown coefficients. Then, the numerical method reduces each SLE equation to a nonlinear system of algebraic equations. The solution of this matrix equation yields the unknown coefficients of the solution function. Hence, an approximate solution is obtained by means of a truncated Chebyshev series. Also, to show the applicability, usefulness, and accuracy of the method, some examples are solved numerically and the errors of the solutions are compared with existing solutions.
Introduction
In this paper, we consider the system of the Lane-Emden type equation, (1) which are subject to the initial conditions, y 1 (0) = λ 0 , y 1 (0) = λ 1 y 2 (0) = γ 0 , y 2 (0) = γ 1 (2) where p, q are positive integers and λ 0 , λ 1 , γ 0 and γ 1 are real constants. Notice that the Lane-Emden equation is linear for q = 0, 1 and nonlinear otherwise. There are two basic forms of the the Lane-Emden equation in applied sciences [1] [2] [3] [4] [5] . The following equation, which is called the first type Lane-Emden equation, was used to model the problem of stellar structure and the thermal behaviour of a spherical cloud of gas acting under mutual attraction of its molecules [1] [2] [3] [4] [5] . y (t) + 2 t y (t) + g(y) = 0, x > 0 where g(y) is some given function of y. Among the most popular form of g(y) is g(y) = y m with the conditions y(0) = 1, y (0) = 0. The exponent m is called polytropic index and positive radially symmetric solutions of the above equation are used to describe the structure of the polytropic stars [1] [2] [3] [4] . The second kind Lane-Emden equation is defined as follows: which is used to model the star as a gaseous sphere in thermodynamic and hydrostatic equilibrium with a certain equation of state [2, 4] . Several methods for the solution of Lane-Emden equations and the system of Lane-Emden equations have been presented, such as the sinc-collocation method [6] , variational iteration method [7] , Hermite collocation method [8] , modified Homotopy analysis method [9] , modified Adomian decomposition method [10] , Legendre operational matrix method [11] , and Berstein operational matrix method [12] , among other methods [13] [14] [15] [16] [17] .
P(t)
Recently, the collocation method has been a very useful method to obtain the approximate solutions. Chebyshev collocation method has been used to obtain the numerical solutions to many other equations, such as differential-difference equations, delay-difference equations, pantograph equations, integro-differential-difference equations, and Abel equation, among others [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
The aim of this study is to get approximate solutions as truncated Chebyshev series defined by
where T * n (t) = cos(nθ), 2t − 1 = cos θ, 0 ≤ t ≤ 1, denotes the shifted Chebyshev polynomials of the first kind; ∑ denotes a sum whose first term is halved; a n , b n (0 ≤ n ≤ N) are unknown Chebyshev coefficients, and N is chosen any positive integer. To obtain a solution of the form Equation (3) of the problem Equation (1) with boundary conditions given by Equation (2), we can use collocation points [28, 29] .
which is the zeroes of the shifted Chebyshev polynomial T * N+1 (t). They are called Chebyshev-Gauss points. If we take these points in an interpolation problem, the obtained result is convergence into the given functions [28, 29] .
Fundamental Relations
In this section, we give the matrix form of Equations (1) and (2) . Firstly, we convert the solution y N 1,2 (t) defined by Equation (3) and its derivative y N 1,2 (t) (k) to matrix forms
where
On the other hand, it has been known that the relation between the powers t n and the shifted Chebyshev polynomials T * n (t) is [24, 25] .
Using the expression (7) and taking n = 0, 1, . . . , N, we find the corresponding matrix relation as follows:
which is a lower triangular matrix. As all the main diagonals of D are not zero, D is invertible matrix. Then, taking into account Equation (8), we obtain
and
We use the following relation to obtain the matrix X (k) (t) in terms of the matrix X(t),
Consequently, by substituting the matrix forms Equations (9) and (10) into Equations (5) and (6), we have the matrix relation
Now, we construct the matrix form of the nonlinear term y N 1 (t) q and y N 2 (t) p , substituting the collocation points into y N 1 (t) q , we obtain the following matrix representation
Then, we construct the following matrix relation
Similarly, y N 2 (t) p can be written as
Method of Solution
In this section, the fundamental matrix equation corresponding to Equation (1) with conditions Equation (2) is constructed, and the solution method is presented. For this purpose, we substitute the matrix relations Equations (11), (12) and Equations (15), (16) into Equation (1) and obtain the following matrix relation:
We can rewrite the Equation (17) as follows:
P(t)X(t)CDY + H(t)X(t)CDY + T(t)X(t)DY = G(t)
Using collocation points, we get the matrix equations
. . .
and where
where the dimension of matrices X, X, C, C, D, D, T are diagonal matrices and the dimension of these matrices are 2(N + 1) × 2(N + 1) and G is 2(N + 1) × 1. Hence, the matrix Equation (19) corresponding to Equation (1) can be written in the form
where W = PXCD + HXCD + TXD Moreover, the matrix form for conditions can be written as
Then, we can write the conditions as the following matrix form:
By replacing the conditions matrices (20) by the last four rows of the matrix (21), we obtain to a system of 2(N + 1) × 2(N + 1) linear or nonlinear algebraic equations with 2(N + 1) unknown Chebyshev coefficients. Thereby, the unknown coefficients matrix A and B are obtained by solving the system by aid of Maple 13. Consequently, by replacing the obtained coefficients a n , b n into Equation (3), we have the wanted approximate solution of Equation (1).
Algorithm
In this section, we give the algorithm of the proposed method (see also [26] ).
Step 1. Our input data: P(t), H(t), g 1 (t), g 2 (t) and conditions.
Step 2. Select N.
Step 3. Construct the matrices T * (t),X(t), (D −1 )
T , C, A, B, P, X, C, D, H, X, C, D, T, X, D.
Step 4. Determine the collocation points:
Step 5. Compute U, F.
Step 6. Construct the system.
Step 7. On the proposed of finding A, B, solve the obtained system by aid of Maple 13.
Step 8. Put the coefficients of truncated Chebyshev series in the truncated Chebyshev series.
Step 9. Out put data: the approximate solutions y 1 (t), y 2 (t).
Examples
In this section, several numerical examples are given to illustrate the accuracy and effectiveness properties of the method and all of them were performed on the computer using a program written in Maple 13. To study the behavior of the present method, we applied the following laws:
(1) Absolute error (N e ) is defined by the following:
where y j (x) are the exact solutions and y N j (x) denote the approximate solution obtained by the present method.
(2) Relative error, which is defined by the following:
where y j (x) are the exact solutions and denote the approximate solution obtained by the present method. Then,
Now, we can apply our technique described in Section 3 for N = 5; that is, we seek the approximate solution of Equation (23) for N = 5 by the terms of truncated Chebyshev polynomial series as
For N = 5, the Chebyshev-Gaus grid points are
Then, the matrix form of the problem
and where Moreover, the matrix form for conditions can be written as follows:
Solving the augmented matrix based on conditions, Chebyshev coefficients matrix is obtained as follows:
Thereby, the solutions of the problem for N = 5 become
which are the exact solution for Equation (23) .
Example 2.
Let us consider the linear, non-homogeneous systems of Lane-Emden equations, which describes polytropes in hydrostatic equilibrium as simple models of a star.
The exact solutions of above equation are y 1 (t) = t 4 − t 3 and y 2 (t) = e t 2 . The absolute errors which are defined by y i (x) − y N i (x) , i = 1, 2 are shown in Tables 1 and 2 . In Table 3 , the computational results of the L 2 -norm error and truncated errors are summarized. The error in truncating a Chebyshev series by neglecting all terms of degree N + 1 and higher is bounded by sum of the absolute values of neglected terms [28, 29] . In Figures 1 and 2 , we plot the obtained absolute errors. Figures 3 and 4 give us a comparison of the relative errors. All numerical results and figures are show us the presented method is very successful to obtain approximate solutions with small N values. Note that E − n = 10 −n . 
Present Method
E L N E T N - y 1 (t) y 2 (t) y 1 (t) y 2 (t) N = 5
Example 3.
Lastly, consider the following nonlinear problem [26] : Example 3. Lastly, consider the following nonlinear problem [26] :
with exact solutions
Wazwaz et al. [26] has introduced the systematic Adomian decomposition method, which has yielded the exact solution of this problem. Applying our method for N = 4, 5, 6, the obtained numerical results are displayed in Tables 4 and 5 . The tables and the figures show that the proposed method is in good agreement with the analytical solution. 
Conclusions
As the system of the Lane-Emden type equations, which are nonlinear equations and singular, solutions of these types of equation are hardly obtained with the known classical methods. Herein, useful and effective approximate methods are needed. In this article, we deal with obtaining numerical solutions. The numerical method reduces the problem into the system of nonlinear algebraic equations with unknown coefficients. The effectiveness of the method is examined by comparing the obtained results with the exact solutions.
